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In present study, the interplay among interaction, topology, quasi-periodicity, and non-Hermiticity
is studied. The hard-core bosons model on a one-dimensional lattice with an asymmetry hopping and
a quasi-periodic onsite potential is selected. This model, which preserves time-reversal symmetry,
will exhibit three types of phase transitions: real-complex eigenenergies transition, topological phase
transition and many-body localization phase transition. In the real-complex eigenenergies transition,
it is found that the imaginary parts of the eigeneneriges are always suppressed by the many-body
localization. Moreover, by calculating the winding number, a topological phase transition can be
revealed with the increase of potential amplitude, and we find that the behavior is quite different
from the single-particle systems. Based on our numerical results, we conjecture that these three types
of transition occur at the same point in the thermodynamic limit, and the many-body localization
transition of quasi-periodic system and disorder system should belong to different universality class.
Finally, we demonstrate that these phase transition can profoundly affect the dynamics of the non-
Hermitian many-body system.
I. INTRODUCTION
In recent years, as an extension of the non-interacting
Anderson localization, a phenomenon termed as many-
body localization (MBL) in the quantum many-body sys-
tems has received a lot of attention 1–14. In such a phase,
the system fails to act as a bath for its own subsystems
and thermalization does not occur. It has been estab-
lished that MBL phase has drastically different spectra
and dynamical properties comparing with the delocaliza-
tion (thermal) phase. Although MBL is usually studied
for systems with random disorder, there is another type
of system, the quasi-periodic system, also supports MBL
due to its unique features15–31. The quasi-periodic sys-
tem breaks translational invariance by the incommensu-
rate period, and shows some random-like properties sim-
ilar to the disorder systems. However, comparing with
disorder system, the quasi-periodic system has a long-
range correlation, and introduce a disorder in a more
controlled way. Thus the quasi-periodic systems consti-
tute an intermediate phase between periodic system and
fully disordered system. In the previous theoretical stud-
ies, it has been found that MBL phase transition in the
hermitian disorder system and quasi-periodic system be-
longs to two distinct universality classes19,20, and MBL
phase in quasi-periodic systems is more stable as com-
pared to the disorder systems20.
Most recently, great interest has been devoted to study
the MBL phenomena in the non-Hermitian systems32–36.
The results showed that many-body localization signa-
tures can be restored even in the appearance of the dis-
sipation33. In some class non-Hermitian systems with
time-reversal symmetry, there are real-complex transi-
tion of eigenenergies featuring parity-time (PT) symme-
try37–40. It is found that MBL can suppress the imag-
inary parts of the complex eigenenergies of disordered
systems, and the real-complex transition of eigenenergies
occurs accompanied with the MBL phase transition32.
On the other hand, exotic topological phases were un-
veiled in the non-Hermitian quantum systems41–50. For
the non-Hermitian single particle systems, theoretical
studies found that the localization-delocalization tran-
sition for both the disorder and quasi-periodic systems
has a topological nature, and the localization and de-
localization phases can be characterized by the winding
number45,46,49. For the Hermitian many-body systems,
it has been found that the interactions can destroy the
topological phase or create new topological phase which
are topologically distinct from the trivial states51–53, and
MBL eigenstates can exhibit or fail to exhibit topological
orders54–57. However, for the non-Hermitian many-body
systems, there are seldom work has been done to inves-
tigate the affection of the interaction on the topological
phase and the relations between the topological and MBL
phase transition.
With this background, the interplay among interac-
tion, topology, quasi-periodicity, and non-Hermiticity is
explored in this paper. The study is applied to a hard-
core bosons model on a one-dimensional lattice with an
asymmetry hopping and a quasi-periodic onsite poten-
tial. The non-Hermiticity of the model comes from the
asymmetry hopping, but it still has the time-reversal
symmetry. We find that the MBL phase transition, real-
complex eigenenergies transition and topological phase
transition coexist for this model, and the transition
points of these transition are close. The obtained crit-
ical exponent of quasi-periodic system is different from
the disorder systems, which means the they belong to
different universality class. Based on our numerical re-
sults, we conjecture that these three transitions occur
at the same point in the thermodynamic limit. Since
the real-complex eigenenergies transition and MBL phase
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FIG. 1. Eigenenergies of the Hamiltonian Eq. (1) withW = 2
(left) and W = 10 (right). Here, the lattice size is L = 12.
transition can profoundly affect the dynamics of the non-
Hermitian system58, the dynamical behaviors of real part
of eigenenergy and entanglement entropy are studied.
The remainder of the paper is organized as follows. In
Section II, the model of the non-Hermitian quasi-periodic
system is presented. Numerical investigation is presented
in Section III. A summary is given in Section IV.
II. MODEL
A non-Hermitian hard-core bosons model on a one-
dimensional lattice is considered in present study. The
Hamiltonian reads
Hˆ =
L∑
i=1
[−J(e−g bˆ†i+1bˆi + eg bˆ†i bˆi+1) + Unˆinˆi+1 (1)
+Winˆi].
Here, bˆi and bˆ
†
i are the annihilation and creation opera-
tors of a hard-core boson, and nˆi = bˆ
†
i bˆi is the particle-
number operator at site i. J and g label the asymme-
try hopping amplitude between the nearest-neighboring
(NN) sites, and U is the interaction between NN sites.
For a quasi-periodic system, the onsite potential is Wi =
W cos (2piαi+ φ), where W is the amplitude of the po-
tential, and φ is the phase of the potential, and α is
irrational for incommensurate potentials.
For this model, the non-Hermiticity is controlled by the
parameter g, but it still have the time-reversal symme-
try. In the following, we assume J = 1, U = 2, g = 0.5,
and the subspace with fixed particle number M = L/2
is selected. The irrational number α is chosen as the in-
verse of the golden mean α = (
√
5−1)/2, which could be
compared with the experimental results16. The periodic
boundary condition is assumed in the following calcula-
tion.
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FIG. 2. (a)fIm as a function of W for L = 10, 12, 14 and 16,
and (b) the rescaled curves according to Eq. (3).
III. NUMERICAL RESULTS AND
DISCUSSIONS
A. Real-complex eigenenergies transition
Firstly, the real-complex eigenenergies transition of
this model is studied. As shown in Fig. 1, the eigenen-
ergies of Hamiltonian Eq. (1) with L = 12 and different
W are plotted. Since the non-Hermitian Hamiltonian
still have the time-reversal symmetry, it is found that
the imaginary parts of the sperm is symmetric around
the real axis. With the increase of W , the eigenenergies
with nonzero imaginary parts decrease.
To measure the variation of the ratio of the complex
eigenenergies with nonzero imaginary parts, fIm is de-
fined as
fIm = DIm/D, (2)
where the DIm is the number of eigenenergies with
nonzero imaginary part, and D is the total number of
eigenenergies. Here, a cutoff of C = 10−13 is used, that
is, |ImE| ≤ C is identified to be a machine error. In
Fig. 2(a), fIm as a function of W for different L is plot-
ted, and the results are obtained by averaging 500 choice
of φ for L = 10, 12 and 14, and 100 choice of φ for L = 16.
Roughly speaking, when W ≤ WRC = 6.6, fIm increases
with the increase of L, while fIm decreases with the in-
crease of L forW ≥WRC . The curves of fIm as a function
of W can be rescaled by the following scaling function
fIm ∝ (W −WRC )L1/ν , (3)
where ν = 0.7. As shown in Fig. 2(b), the rescaled curves
collapse onto each other, which confirms Eq. (3). These
results demonstrate that in the thermodynamic limit
(L→∞) the model of Eq. (1) should have a complex-real
phase transition at W = WRC , that is, when W < W
R
C
the eigenenergies is almost complex, while the eigenen-
ergies are almost real for W > WRC . Similar result has
also been found in the non-Hermitian Hamiltonian with
a random onsite potential32, but the scaling exponent ν
for the disorder system is different with we found here,
which means the complex-real phase transition should be
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FIG. 3. (a) The Φ dependence of detH(Φ)/|detH(0)| in the
complex plane for (a) W = 3.5 and (b) W = 6.5. The lattice
size is L = 10 and φ = pi/6.
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FIG. 4. (a)The W dependence of winding number ω with
φ = 0, pi/6 and pi/2, (b) and the W dependence of averaged
winding number ω. The lattice size is L = 10.
in different universality class for the disorder and quasi-
periodic system.
B. Topological phase transition
Different form the Hermitian systems, to study the
topological phases of non-Hermitian systems, not only
the ground state but also the full complex spectra should
be taken into account45,46. Therefore, a natural topolog-
ical object arising from the complex energy plane is the
winding number, that is, a loop constituted by eigenen-
ergies which encircles a prescribed base point. The wind-
ing number is topologically stable and changes its value
only when curve is crossing the base point. Recently, the
winding number has been defined to study the topolog-
ical phase for non-Hermitian systems in single particle
picture without interactions45,46. Generalizing the idea
of defining the winding number to our interacting non-
Hermitian systems, a parameter Φ is introduced through
a gauge transformation bˆj → eiΦL j bˆj and bˆ†j → e−i
Φ
L
j bˆ†j,
which can be viewed as a magnetic flux Φ through non-
Hermitian ring with length L is applied. The Hamilto-
nian becomes
H(Φ) =
L∑
j=1
[−J(e−ge−iΦL bˆ†j+1bˆj + egei
Φ
L bˆ†j bˆj+1) (4)
+Unˆj nˆj+1 +Winˆj ],
and subsequently the winding number is defined as45
ω =
∫ 2pi
0
dΦ
2pii
∂Φ ln det{H(Φ)− EB}. (5)
Here, EB is the prescribed basis point which is not an
eigenenergy of H(Φ). Different from the bulk-edge cor-
respondence in the hermitian systems, a positive (nega-
tive) winding number ω implies a ω (−ω) independent
edge modes localized at the left (right) boundary in the
semi-infinite space. As demonstrated in Ref.45, the wind-
ing number does not depend on EB. The basis point is
chosen as EB = 0 in the calculation, so that the loop
ensures the coexistence of the ImE < 0 and ImE > 0.
It is not convenient to directly show the loop for the
many-body systems, alternatively, we here use the Φ de-
pendence of detH(Φ)/| detH(0)| to illustrate the loop
winding around the base point59. During the varia-
tion of Φ from 0 to 2pi, detH(Φ)/| detH(0)| draws a
closed loop in the complex plane, and if the loop winds
around the origin m times, the winding number is ±m
(+ means the counterclockwise winding, while − means
the clockwise winding). In Fig. 3, the Φ dependence of
detH(Φ)/| detH(0)| with different W for L = 10 are
plotted, and the phase is chosen as φ = pi/6. As seen
in Fig. 3 (a), detH(Φ)/| detH(0)| draws a closed curve
with surrounding origin four times in the complex plane
for W = 3.5, while detH(Φ)/| detH(0)| draws a closed
curve without surrounding the origin for W = 6.5 shown
in Fig. 3 (b). It gives that ω = 4 for W = 3.5 and ω = 0
for W = 6.5.
Since the irrational period breaks the translational in-
variance, the energy spectra changes with φ. Therefore,
for a specific W the winding number ω also changes with
the phase φ. In Fig. 4 (a), the W dependence of ω with
different φ for L = 10 are plotted. Although φ induces
some differences for these curves, some behaviors are in
common. On the one hand, ω decreases with W , which
is different from the single particle non-Hermitian sys-
tem. For the single particle non-Hermitian system, the
winding number is found as ω = ±1 for the topological
phase, which means the many-body non-Hermitian have
more complicated topological phases. On the other hand,
different curves show that a transition from topological
phases with ω > 0 to the trivial phase (ω = 0) appears
around W = 7. The averaged winding number ω is plot-
ted in Fig. 4 (b), and it is shown that the topological
phase transition point is around WTC = 7.
It should be noted that the topological transition is
not equal to the disappearance of the imaginary parts of
eigenenergies, although the imaginary parts of eigenener-
gies are necessary to construct a close loop in the energy
plane. The topological phase transition gives another
viewpoint on the MBL energy spectra complemented to
the complex-real energies transition. This winding num-
ber, defined in the complex plane by the gauge trans-
formation, serves as a collective indicator of the energies
being complex or real of the original Hamiltonian.
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FIG. 5. (a) The nearest-level-spacing distribution (unfolded)
for W = 2 (left) and W = 14 (right). The lattice size is 16,
and φ = pi/4.
C. MBL phase transition
To characterize the MBL in the non-Hermitian sys-
tems, the nearest-level-spacing distribution of eigenener-
gies has been generalized from the Hermitian systems32.
On the complex plane, the nearest-level spacings for
an eigenenergy Ea (before unfolding) is defined as the
minimum distance of |Ea − Eb|. For the delocaliza-
tion phase, it has been demonstrated that the statistics
of the nearest-level-spacing obeys a Ginibre distribution
P cGin(s) = cp(cs), where
p(s) = lim
N→∞
[
N−1∏
n=1
en(s
2)e−s
2
]
N−1∑
i=1
2s2n+1
n!en(s2)
, (6)
with en(x) =
∑n
m=0
xm
m! and c =
∫∞
0
sp(s)ds =
1.142960,61. Since the MBL tends to suppress the imagi-
nary parts of the complex eigenenergies, these eigenener-
gies are almost real for the many-body localization state,
and the nearest-level-spacing distribution becomes the
Poissonian as PRPo(s) = e
−s. By taking the eigenener-
gies lying within ±10% of the real and imaginary parts
from the middle of the spectrum of Eq. (1), the nearest-
level-spacing distributions (unfolded) for different W are
plotted in Fig .5. It is shown that for W = 2 the distri-
bution is a Ginibre distribution and the distribution is a
Poisson distribution for W = 14. These results demon-
strate that the non-Hermitian quasi-crystal also has an
MBL phase transition with the increase of W .
Based on the response of the system’s eigenstates to
a local perturbation, a dimensionless parameter G has
been introduced to detect the MBL phases transition in
the Hermitian systems62. It is shown that G decrease
with system size L in the many-body localization phase
and grows with system size L in the delocalization phase
for the Hermitian systems, and phase transition point ap-
pears when G(L) is independent of L. For non-Hermitian
system, since the stability of the eigenstates under per-
turbations Vˆ is also important for the complex eigenen-
ergies, G(L) has been extend to study MBL phase tran-
sition in non-Hermitian systems32. G(L) for the non-
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FIG. 6. G as a function of W for L = 10, 12, 14 and 16. The
results are obtained by averaging 500 choice of φ for L = 10, 12
and 14, and 100 choice of φ for L = 16.
Hermitian systems is defined as32
G = ln
〈ψlα+1|Vˆ |ψrα〉
|E′α+1 − E′α|
, (7)
where 〈ψlα| and |ψrα〉 are the left and right eigenvectors
of non-Hermitian systems, Vˆ is a perturbation operator,
and E′α = Eα + 〈ψlα|Vˆ |ψrα〉 is the modified eigenenergy.
Here, the states with E′α stays real are only considered,
and the local operator is selected as Vˆ = bˆ+i+1bˆi. In Fig. 6,
G as a function of W for different L are plotted. It is
found that in the many-body delocalized phase the ab-
solute value of G decreases with L, while the absolute
value of G grows with L in the MBL phases, and the
MBL phase transition occurs at WMBLC = 6± 0.2.
From our numerical calculation, we find thatWRC , W
T
C
and WMBLC are close, and the slightly difference is at-
tributed to the finite-size effect. Therefore, based on
the numerical results, we can conjecture these transition
points should coincide in the thermodynamic limit.
D. Effects on the dynamical behaviors
Finally, the effects of the phase transition on the dy-
namical stability of the non-Hermitian systems are stud-
ied. To illustrated this, the time evolution of real part of
energy ER(t) and half-chain entanglement S(t) are stud-
ied. ER(t) is defined as
ER(t) = Re[〈ψr(t)|Hˆ |ψr(t)〉]. (8)
Here, 〈ψ(t)r| is the hermitian conjugate of |ψr(t)〉. As
shown in Fig. 7 (a), the time evolution of ER(t) with
different W for L = 12 are plotted. It is found that for
W < WRC and around W
R
C , E
R(t) changes significantly
during the evolution since the nonzero imaginary parts
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FIG. 7. Time evolution of ER(t) for W = 2, 4, 6, 7, 8, 10, 12
and 14, (a) and the time evolution of S(t) for g = 0.5 (solid
lines) and g = 0 (dotted lines) (b). The lattice size is L = 12,
and the initial state is taken as |ψ0〉 = |1010 · · · 〉.
of the eigenenergies can induce the dynamical instabil-
ity. For W is much larger than WRC , E
R(t) is almost
conserved during the evolution, since the eigenvalues are
almost real.
The half-chain entanglement S(t) is measured by the
von Neumann entropy,
S(t) = −Tr(ρ(t) ln ρ(t)), (9)
where ρ(t) = TrL/2[|ψr(t)〉〈ψr(t)|]/〈ψr(t)|ψr(t)〉 is the
reduced density matrix of the right eigenstate. The time
evolution of S(t) for different W are plotted in Fig. 7(b),
and the Hermitian case of g = 0 is also shown for a com-
parison. ForW = 14, the dynamical behaviors of S(t) for
g = 0.5 is similar to that g = 0, since the eigenvalues are
almost real for g = 0.5. However, for W = 2, S(t) first
linearly grow for both values of g, but decrease for t ≃ 5
only for g = 0.5. In addition, the long-time behavior of
the entanglement of the delocalized phase is larger than
that of the MBL phase. The reason is that MBL phase
still obey the area law rather than the volume law even
in the non-Hermitian system63.
IV. SUMMARY
In this paper, we have studied the real-complex transi-
tion, topological phase transition and MBL phase transi-
tion in a non-Hermitian quasi-periodic system having the
time-reversal symmetry. Our numerical results showed
that these three types of phase transitions coexist for
this model, and in the thermodynamic limit these three
transition points should coincide. These results demon-
strated that the imaginary parts of the eigenenergies are
always suppressed by the MBL, and the MBL phase tran-
sition should have a topological nature similar to that of
the single particle systems. Moreover, the obtained crit-
ical exponent for the real-complex transition is different
from that of the disorder system, which means the non-
Hermitian many-body disorder system and the many-
body quasi-periodic system should belong to different
universality class. Finally, we find that the real-complex
eigenenergies transition can affects the dynamical stabil-
ity, but the dynamical entanglement still obey the area
law for the MBL phase and volume law for the delocalized
phase. Recently, the asymmetry hopping has been real-
ized experimentally in a ultracold atomic system45, and
the many-body localization in the quasi-periodic system
has also been experimentally studied4. Therefore, we ex-
pect our study can be measured in these experiments.
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